I. INTRODUCTION
Proton-nucleus as well as heavy ion collisions in the GeV/ nucleon range are generally analyzed in terms of transport models ͑see for instance Refs. ͓1,2͔͒. The latter require a good knowledge of the elementary elastic and inelastic cross sections. The nucleon-nucleon elastic and inelastic cross sections are rather well documented ͓3-6͔. Above the inelastic threshold, the main inelastic channel, namely one pion production, is largely dominated by the intermediate excitation of the ⌬ resonance. The lifetime of the latter being sometimes of the same order of the time separation between successive hadron-hadron collisions ͑in a complex collision process͒, it is necessary to explicitly take account of the ⌬ degrees of freedom. In the simplest ͑classical͒ description, the knowledge of the cross sections for processes involving ⌬ resonances is required. For some cases, like the N⌬→N⌬ scattering, 1 the information can be obtained from model calculations only. For other cases, like the NN→N⌬ production process, the cross section can be inferred from experimental data. Unfortunately, for this particular case, only a limited amount of data is available ͓3,6-8͔. The recent measurements ͓9͔ of small angle proton spectra in np collisions in the 0.2Ϫ1.6 GeV range offer an opportunity to gain more information about the np→N⌬ reaction parameters. The purpose of this paper is to reanalyze the bulk of the existing data including these new measurements in order to improve the knowledge of the NN→N⌬ cross section, of the angular distribution of the produced ⌬'s, and of related parameters. The paper is divided as follows. Section II makes a brief survey of the aspects of the experimental method used in Ref. ͓9͔ that are relevant for our purpose. Section III describes the parametrization of the elastic and inelastic contributions adopted in this work and the motivation for this choice. Section IV gives the results yielded by our global analysis of the data. Finally, Sec. V is devoted to the discussion of the results and of the implications of the latter for the calculations of the proton-nucleus collisions in the GeV range.
II. THE NEUTRON-PROTON MEASUREMENTS AT SATURNE
The data consist of proton recoil spectra issued from the interaction of quasi-monoenergetic neutron beams with a liquid hydrogen target. Momentum evaluation and identification of protons are made using a magnetic spectrometer. Details of the experimental technique and full presentation of the data are given elsewhere ͓9͔ ͑the data shown in the figures below can be considered as a very partial account of the results described in Ref. ͓9͔͒. Neutron beams are obtained from deuteron stripping on a Be target ͓10͔ from 0.1 to 1.15 GeV/nucleon and from 3 He breakup from 1.15 to 1.6 GeV/ nucleon. The consistency of the two methods has been checked ͓9͔. The neutron beam energy is spread by neutron Fermi motion inside the incident composite particle. The neutron beam profile is evaluated from the measured proton spectra considering the width ͑FWHM͒ of the elastic peak as the quadratic sum of the spectrometer resolution ͑3%͒ and the incident neutron dispersion. This procedure is justified at least by the presence of a well-defined elastic proton peak ͑without any tail͒ under the inelastic threshold for the case of incident deuterons. For the case of incident 3 He particles, such a direct check has not been done. However, the detailed analysis of Ref. ͓9͔ shows that the neutron beam is largely monoenergetic, corresponding to a Gaussian shape, except perhaps for the highest 3 He energy, where a tail of a few percent might exist. Let us notice that in the energy range under study in this paper, the considered obversables are smoothly varying with energy and the possible small tail component of the beam is not expected to influence our analysis. The calculated values of the FWHM of the neutron beam profile are presented in Table I . The neutron beam intensity has been determined by using the elastic cross section of Ref. ͓11͔. To ensure a proton detection efficiency of 100%, a cut is applied at 3°or 5.5°to the proton emission angle. The background created by the windows of the hydrogen target, which represents 5 to 15% of the detected yields, *On leave of absence from University of Liège, Physics Department, B5, B-4000 Sart Tilman Liège 1, Belgium.
1 N stands generically for n or p.
has been measured and systematically subtracted from the measured proton spectra.
III. DETERMINATION OF THE ⌬ PRODUCTION CROSS SECTION

A. Basic formulas
We start with the inclusive np→pϩX cross section ͑similar considerations can be made for any of the NN→NϩX cross sections͒. In the energy range covered by the experiment of Ref. ͓9͔, we decompose it into three components:
corresponding to the elastic scattering, ⌬ production and ''direct'' ͑phase space͒ pion production, respectively. We adopt here a semiclassical picture of pion production: production of ⌬ particles with a definite mass and no interference between direct and resonant pion production. We will comment on this point below. The first term in Eq. ͑3.1͒ can be written, in the c.m. frame, as
where p c.m. is the neutron ͑or proton͒ c.m. momentum, el is the elastic neutron-proton cross section and the curly bracket gives the angular distribution in terms of the Mandelstam variables t and u. The latter quantities are related to the polar angle p of the outgoing proton ͑relative to the direction of the incident neutron͒ by
The parameter A is fixed by normalization, as the angular integration of Eq. ͑3.2͒ should give el . In the following, the latter is taken from the systematics of Ref. ͓6͔. In the energy range under study, it differs from the values given in Ref.
͓11͔ by 2 to 3% at the most. A careful analysis of the np available elastic data ͓12-20͔ in the 0.3-1.6 GeV incident energy range has allowed to determine the parameters B np ,␣ c ,a and c rather accurately . The parameter ␣ c turns out to be close to 100 ͑GeV/c) Ϫ2 . The incident momentum dependence of the other parameters is shown in Fig. 1 In these relations, p lab should be expressed in GeV/c and B np is given in ͑GeV/c) Ϫ2 . The piecewise linear dependence of B np ͑with p lab ), though largely sufficient, has been adopted for simplicity. It is responsible for the change of slope in the dashed curve of Fig. 1 . The third term in the curly bracket of Eq. ͑3.2͒ accounts for the rapid rise of the cross section at very backward angles, which is due to the charged pion exchange process ͓21,15͔. For p lab Ͻ0.8 GeV/c, where the angular distribution is largely symmetric and more isotropic, we used the same parametrization ͑with a polynomial of fourth degree in cos) as in Ref.
͓22͔.
The second term in Eq. ͑3.1͒ stands for the protons emitted, either directly in the np→p⌬ 0 process or indirectly in the ⌬ decay following the np→p⌬ 0 and np→n⌬ ϩ reactions. In order to write down this contribution we param- etrize the np→p⌬ 0 cross section as follows. Let f (m ⌬ ) be the probability density for the creation of a ⌬ particle of mass m ⌬ . We then write
where p ⌬ c.m. is the c.m. momentum of the ⌬ particle with mass m ⌬ and p in c.m. is the incident neutron c.m. momentum. The mass distribution function is taken proportional to the pion-nucleon cross section
where m N and m are respectively the nucleon mass and the pion mass. In Eq. ͑3.6͒, q and m ⌬ should be expressed in GeV/c and GeV, respectively, and F N is a normalization constant determined by
where m ⌬ i ϭm N ϩm and m ⌬ s is the maximum value of m ⌬ allowed by energy conservation, i.e., ͱsϪm N , ͱs being the np c.m. energy. The quantity B in Eq. ͑3.5͒ is a normalization constant ͑ determined by the fact that integrating over all variables the r.h.s. should give np→p⌬ 0) . It is given by
where t 0 and t 1 are the maximum and minimum values of the Mandelstam variable tϭ(p ⌬ Ϫp n ) 2 . An expression similar to Eq. ͑3.5͒ holds for the np→n⌬ ϩ process. From these expressions, we write the second term in Eq. ͑3.1͒ as
͑3.10͒
where we have introduced the Jacobian corresponding to the ''transformation'' of the ⌬ parameters ⍀ ⌬ , p ⌬ to those of the produced proton ⍀, p through the ⌬ decay. The latter can be evaluated from the following model for ⌬ decay. The helicity of the ⌬ particle is supposed to be equal to cos 2 , where is the c.m. polar angle at which it is produced. The angular distribution of the produced pions ͑or of the emitted nucleons͒ is taken as due to a p-wave decay
where is the angle between the pion direction and the ⌬ direction in the rest frame of the latter. The last contribution in Eq. ͑3.1͒ can be written as
͑3.12͒
with obvious notation, N being a normalization constant determined by the fact that integrating over p ជ should give p.s. inel . Distribution ͑3.12͒ differs from the uniform phase space density model by the presence of the exponential factor, where p Ќ is the proton transverse momentum. This factor is necessary for reproducing the results accurately. Note that this is in keeping with the peripheral nature of the one pion production model, which favors the production of the nonresonant ͑pion ϩ nucleon 2͒ production along the longitudinal direction.
Parametrizations ͑3.5͒-͑3.12͒ rest on a semiclassical picture of the pion production process. They indeed imply onshell ⌬-particles with definite mass and helicity. They can be viewed as a practical way to describe the measurements or even as a convenient formulation allowing a tractable treatment of the ⌬ degrees of freedom in transport models. They nevertheless retain the basic features of the np→NN cross sections as calculated in the one pion exchange model ͓8,23͔: the resonant ͑nonsymmetrical͒ shape centered around m ⌬ in the dependence upon the pion-nucleon energy variable, the exponential t dependence and the symmetry between neutral pion and charged pion exchange, ensured through the symmetrized t dependence of Eq. ͑3.5͒. Of course, interference terms are neglected in this approach. According to Ref. ͓8͔, they are not important.
The parametric form of cross section ͑3.1͒ may look rather complicated. We want to stress however that the calculation of this quantity is straightforward by using simulation methods, as it is commonly done in transport models. We refer to Refs. ͓6,24͔ for a brief description of the methods.
B. Extraction of the NN˜N⌬ cross section parameters
Having determined the elastic part of the np→pϩX inclusive cross section, we performed a global fit of the inelasticity parameters, i.e., the same set of parameters p.s. , np→⌬N , B in and ␣ is used to fit all kinds of data ͑proton, pion͒ irrespective of the emission angle. The parameters are allowed to vary with the neutron incident energy, except for ␣, as it turned out that a good fit is already obtained with a constant value. We did not attempt to reach a minimum 2 fit. As can be seen below, the quality of the fits is already very good and provides a parametrization of the cross sections of sufficient accuracy for being used as input in trans-port model calculations. In keeping with the usual procedure adopted in these calculations, we assume that the cross sections np→⌬ 0 p , np→⌬ ϩ n and p.s. sum up to the ͑relatively well-known͒ total inelastic cross section. In the energy range covered in this work, this seems largely reasonable ͑see the discussion in Sec. IV͒. The results of the fitting procedure are given in the next section.
IV. RESULTS
A. Analysis of the data
The data of Ref. ͓9͔ refer to proton spectra issued from interactions of a neutron beam at various energies extending from 0.2 to 1.6 GeV (0.644 to 2.358 GeV/c incident momentum, repectively͒ with a hydrogen target. They correspond to integration over polar angles from 0°to 3°and from 0°to 5.5°. The kind of agreement reached by the fitting procedure is given in Fig. 2 . An equally good agreement is obtained for the data corresponding to the ͓0,5.5°͔ interval.
Before analyzing the effects of the ingredients of the parametrization, let us look at the various contributions of the inelastic part. They are given in Fig. 3 for E n ϭ0.8 GeV ground. The ''direct'' ͑phase space͒ production mechanism does not contribute at this energy.
The influence of several ingredients of the chosen parametrization are illustrated in Fig. 4 . In the first part, the angular distribution proposed in Ref. ͓22͔ and used in many transport codes has been introduced. It differs from the bracket of Eq. ͑3.5͒ in the fact that the ⌬ particle production is limited to very forward angles. In the second part of the figure, a symmetric form of f (m ⌬ ), centered on 1.232 GeV, has been employed. Although the effect is not large ͑compared to Fig.  2͒ , the fit is definitely better with expression ͑3.5͒. In the third part, the ⌬'s are supposed to decay isotropically in their rest frame. This modification, as well as the previous one, allows a more important production of protons in the ''middle'' of the available phase space, which is signalled by the small bump around pϭ0.75 GeV/c in Fig. 4͑c͒ . One can realize that the chosen parametrization form is well adapted to the data and should correspond rather well to the physical effects that have inspired our choice, even though the formulation is of classical nature.
A larger angular range can be tested using the data of Refs. ͓7,8͔. The measurements are similar to those of Ref.
͓9͔, but the incident energy range extends from E n ϭ0.74 to 1.18 GeV ( p lab ϭ1.39 to 1.9 GeV/c) and the protons are detected at definite angles. Figure 5 gives the comparison for a few angles at E n ϭ1.03 GeV ( p lab ϭ1.73 GeV/c). Fits of similar or even better quality are achieved at the other energies.
We are mainly concerned here with np data, basically because there is no data of similar quality for the pp system, as far as we know. In order to test the decomposition ͑3.1͒ in this case, we however considered the data of Bugg et al. ͓25͔ , who measured angle integrated nucleon spectra in coincidence with pions in pp collisions at E p ϭ0.97 GeV. A typical result is shown in Fig. 6 . The agreement is slightly less good than for the np measurements, but this may be due to the rather poor statistics of the measurements of Ref.
͓25͔.
Finally, we also considered the pion data of Ref. ͓26͔, using the same ingredients as those of Eqs. ͑3.1͒, ͑3.5͒, and ͑3.11͒. The results are shown in Fig. 7 , which clearly demonstrates that the nonisotropic decay of the ⌬ particles is favored by the comparison of the shape of the spectra, even though the overall pion yield is overestimated by 10 to 15%. Experimental support in favor of the anisotropic decay can also be found in the measurements of Refs. ͓27,28͔.
B. Values of the parameters
We consider the parameters np→⌬N , p.s. , ␣ and B in successively. We remind the reader that isospin invariance imposes np→⌬ 0 p ϭ np→⌬ ϩ n and that we kept the sum of the first two parameters as np→⌬N ϩ p.s. ϭ np inel .
͑4.1͒
The numerical value of the latter has been taken from Ref. where p lab should be given in GeV/c. The value of this ratio seems to be slightly smaller than the value obtained in Ref.
͓7͔, where a similar, but simpler, analysis of their data has been performed. We found that a constant value of ␣ϭ6.5(GeV/c) Ϫ1 is sufficient, in qualitative agreement with the analysis of Ref. ͓7͔ . The values of B in yielded by our analysis are given in Fig. 8 along with previously determined 2 This could indicate that decomposition ͑3.1͒ with the chosen parametrization of the inelastic contributions is less valid for the proton-proton case than for the neutron-proton case. However one has to keep in mind that the data shown in Fig. 7 are obtained from extrapolation of measurements performed sometimes on a rather limited range. That is why we did not try to improve the fit on this piece of data. 
͑4.3͒
This is slightly different from the parametrization proposed in Ref. ͓6͔, which rests on a few data only and which is the same as the B-parameter for pp and pn elastic scattering for p lab у1.4 GeV/c. In particular, the form ͑4.3͒ is rising slightly more steeply.
The value of B in for ⌬ production in pp collisions is not well known. Figure 8 suggests that it may be expected to be similar to the one for the np collisions.
C. Isospin cross sections
As mentioned in Secs. IV A and IV B, formula ͑3.1͒ gives a very good representation of the data and can thus be used directly as input for transport calculations. The question arises to know whether it provides a faithful and practical representation of the data or whether the various terms of this formula have a well defined physical meaning. Of course, this question does not refer to the elastic contribution, but to the inelastic terms, as the parametrization of the latter are based on some hypotheses. One may wonder for instance whether the term which we call ''⌬ production'' does really give the importance of the formation of a physical ⌬. For this to be true, the extracted value of this contribution should be consistent with the constraint imposed by isospin symmetry. This is the subject of this section.
The total inelastic np cross section is the average of the isospin Tϭ1 and Tϭ0 inelastic cross sections. The latter can be obtained through the relations
͑4.4͒
They are given in Fig. 9 , using the parametrization of Ref.
͓6͔ for the empirical pp and np total inelastic cross sections ͑for the sake of clarity, a small bump of ϳ3 mb in NN,inel
Tϭ0
around p lab ϳ1.1 GeV/c is not shown͒. The numerical values of NN, inel Tϭ0 are very similar to those given in Ref. ͓5͔, although they are smaller by ϳ25% around 1.6 GeV/c. This seems to be due to the dispersion of the available data for some of the inelastic channels ͑in particular the np 0 channel͒ in this range, which allow somewhat different but equally acceptable parametrizations of np inel and pp inel . In any case, below p lab Ϸ1.6 GeV/c, the Tϭ0 cross section is small and the interpretation of the inelastic scattering, proceeding basically through the Tϭ1 channel, as due to ⌬ production only is legitimate. Above this value, this assignment becomes questionable ͑even though the fit is good͒, as the ''direct'' pion production ( p.s.
), which could be a Tϭ0 process, does not exhaust the indicated Tϭ0 cross section ͑see Fig. 9͒ . Note, however, that the experimental situation is not so clear; there is some apparent ''violation'' of isospin symmetry in the available one pion production data ͓5͔. Since assumptions based on that symmetry have to be made in order to sum over all partial inelastic channels, this inevitably influences in one way or the other the estimated total inelastic cross section. It seems anyway that, in spite of these uncertainties, there are good reasons ͓5,29͔ to believe that the Tϭ0 channel is basically elastic below ϳ1.6 GeV/c. Above this value, the situation is uncertain. The careful investigation of Bystricky et al. ͓5͔ shows that the Tϭ0 pion production cross section could grow linearly from basically zero at p lab ϭ1.6 GeV/c to reach ϳ8 mb at p lab ϭ2.35 GeV/c (E n ϭ1.6 GeV), not so much larger than our p.s. . Summarizing this discussion, we can state that there is no inconsistency, with respect to isospin symmetry, in our determination of the ⌬-production cross section below ϳ1.6 GeV/c. Above this value the numbers extracted from our procedure cannot be more accurate than the difference between the smallest estimate of the Tϭ0 cross section and p.s. , which amounts to ϳ20% at ϳ2.2 GeV/c. Nevertheless, our parametrization keeps the property of providing a good representation of the data.
V. DISCUSSION AND CONCLUSION
The three term formula ͑3.1͒ that we used to analyze proton spectra embodies elastic scattering, production through ⌬ resonances and ''direct'' production. The ⌬-production term is inspired from a classical model, which considers the intermediate ⌬ resonance as a classical particle with a definite mass, determined stochastically event by event, according to distribution ͑3.6͒. This procedure is basically the same as the one adopted in most transport models to handle interactions The parameters p.s. and ␣ are rather well determined by the fitting procedure. However their physical meaning remains unclear. There is a definite need to introduce a component besides the ⌬ production. Otherwise, the yield is underestimated at low proton momemtum, for p lab larger than ϳ1.6 GeV/c. This necessary contribution could originate from several physical processes: ͑i͒ double pion production. One pion exchange models predict a small contribution from this process in the kinematical range under investigation, although, experimentally, the total cross section for these channels is rising sizably above 1.6 GeV/c. ͑ii͒ Excitation of the Roper resonance, the missing yield being situated just at the corresponding kinematics. ͑iii͒ Genuine direct one pion production, as we have assumed. ͑iv͒ Final state interaction between the detected nucleon and the decay products of the resonance. The second possibility is very appealing. We have fitted the 1.6 GeV data quite well with a second resonance having an average mass of ϳ1.5 GeV and a width of ϳ0.15 GeV, but the required cross section amounts to ϳ40% of the total inelastic cross section, which looks unrealistic for the Roper resonance. Presumably, the physical situation corresponds to a mixture of effects ͑ii͒ and ͑iii͒ above. The limited amount of data does not allow to discrimate among the various possibilities.
Assuming ⌬ production as the dominant process biases the analysis in favor of a Tϭ1 dominance. We note however that the experimental information on pp and np total inelastic cross section justifies this assumption for E n Շ1 GeV. Additional support of this line of approach is provided by the fact that we observe the same B in for np and pp ͑when the latter is available͒ and by the quality of the fit itself. Let us finally mention that fitting low energy data with the total inelastic cross section is rather surprising, as close to threshold the np→d 0 process dominates. However this process extinguishes rather quickly and the cross-section never exceeds 1.5 mb.
In conclusion, we have proposed a representation of the inelastic nucleon-nucleon cross-section below ϳ1.6 GeV and we have determined its parameters with a good accuracy. We did not attempt to a 2 fit, but proceeded through visual evaluation of the quality of the fit. That convinces us nevertheless that the parameters are determined with an accuracy sufficient to be used as data for transport calculations, i.e., with an accuracy better than, say, 10%. We want to warn however the casual reader who would require a much better accuracy, of the order of one percent, for instance. We have also shown that the np→⌬N cross section can be identified with the ͑second͒ ''resonant'' term of our parametrization ͑3.1͒ for incident energy up to ϳ1 GeV. Above this value, this identification is less and less reliable and the discrepancy may reach ϳ20% at E n ϭ1.6 GeV, although the accuracy of the whole parametrization remains the same. We have also determined the slope parameter B in with good accuracy in the 0.6-1.6 GeV range, improving considerably the phenomenological knowledge of this quantity. Parameters related to the ''phase space'' contribution are numerically determined with good accuracy, but do not have an obvious physical meaning. Let us finally notice that model descriptions of proton induced spallation reactions up to 1 GeV, which recently received a renewed interest in relation with the so-called hybrid systems ͓30,31͔, can safely be pursed with the inelasticity restricted to the ⌬ production channel. They can benefit from the results obtained in this work.
